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, ' Abstract 

vn ■ 

^Sj ' In this paper, using Riemann-Lagrange geometrical methods, we con- 

struct a geometrical model on 1-jet spaces for the study of multi-time rel- 
O' ' ' ativistic magnetized non- viscous plasma, characterized by a given energy- 

stress-momentum distinguished (d-) tensor. In that arena, we give the 
[] , conservation laws and the continuity equations for multi-time plasma. 

T ' The partial differential equations of the stream sheets (the equivalent of 

l~i I stream lines in the classical semi-Riemannian geometrical approach of 

C^ ■ plasma) for multi-time plasma are also written. 
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I£[l ! 1 Introduction 

|0 I During that so-called the radiation epoch, in which photons are strongly cou- 

p^ • pled with the matter, the interactions between the various constituents of the 

Universal matter include radiation-plasma coupling, which is described by the 
plasma dynamics. Although it is not traditional to characterize the radiation 
epoch by the dominance of plasma interactions, however, it may be also called 
S^ . the plasma epoch (please see [5 ). This is because the electromagnetic inter- 

?—( ' action dominates all the four fundamental physical forces (electrical, magnetic, 

gravitational and nuclear). 

In the present days, the Plasma Physics is an well established field of Theo- 
retical Physics, although the formulation of magnetohydrodynamics in a curved 
space-time is a relatively new development (please see Punsly Til). The MHD 
processes in an isotropic space-time are intensively studied by a lot of physicists. 
For example, the MHD equations in an expanding Universe are investigated by 
Kleidis, Kuiroukidis, D. Papadopoulos and Vlahos in jS]. Considering the in- 
teraction of the gravitational waves with the plasma in the presence of a weak 
magnetic field, D.B. Papadopoulos also investigates the relativistic hydromag- 
netic equations |10j . The electromagnetic-gravitational dynamics into plasmas 
with pressure and viscosity is studied by Das, DeBenedictis, Kloster and Tariq 



C^ 



in the paper [5]. In their paper, the authors derive the relativistic Navier-Stokes 
equations that govern plasma. 

It is important to note that ah preceding physical studies are done on an 
isotropic four-dimensional space-time, represented by a semi- (pseudo-) Rie- 
mannian space with the signature (-I-, -I-, -I-, — ). Consequently, the Riemannian 
geometrical methods are used as a pattern over there. 

Geometrically speaking, using the Finlerian geometrical methods, the plasma 
dynamics was extended on non-isotropic space-times by V. Gir^u and Ciubotari- 
u in the paper [3] . More general, after the development of Lagrangian geometry 
on tangent bundle, due to Miron and Anastasiei |5], the generalized Lagrange 
geometrical objects describing the relativistic magnetized plasma were studied 
by M. Gir^u, V. Gir^u and Postolache in the paper [4]. 

According to Olver's opinion [9], we appreciate that the 1-jet fibre bundle is a 
basic object in the study of classical and quantum field theories. For such a rea- 
son, using as a pattern the Miron- Anastasiei's geometrical ideas |5], the author 
of this paper recently developed in the paper |7j that so-called the " multi-time 
Riemann-Lagrange geometry" on 1-jet spaces, in the sense of d-connections, d- 
torsions, d-curvatures, gravitational and electromagnetic geometrical theories. 
We would like to point out that the geometrical construction on 1-jet spaces 
exposed in the article [7] was initiated by Asanov in [T] and further developed 
by the author of this paper. In this geometrical context, the aim of this paper is 
to create a multi-time extension on 1-jet spaces of the geometrical objects that 
characterize plasma in semi-Riemannian and Lagrangian approaches. Thus, we 
introduce the energy-stress-momentum d-tensor of the " multi-time plasma" and 
we give the geometrical-physical equations which govern it. 

2 The semi-Riemannian geometrical approach. 
Plasma in isotropic space-times 

Let STZn — (a/", ip^Jx)) be a semi-Riemannian manifold, where M" is an n- 
dimensional smooth manifold, whose coordinates are x = ix'^)i^Yn^ ^^'^ fiji^) 
is a semi-Riemannian metric having a constant signature. From a physical point 
of view, (Pij{x) play the role of gravitational potentials. Note that, throughout 
this paper, the latin letters run from 1 to n and the Einstein convention of 
summation is assumed. Let us consider the Christoffel symbols of the semi- 
Riemannian metric (/?j-, which are given by 

^^^ 2 ydx^' dxi dx^ )' ^ ' ' 

The ChristofFel symbols (|2.ip produce the Levi-Civita covariant derivative 



^r*^-- .... 

rpij... _ '-'^kl... I rpmj...^i ,rpim..] , _ rpij... m _ rpij.. m 

^kl...;p~ Q p ^ -^kl... Imp^-^kl... Imp^ ■■■ ^ml...'kp ^km...np 



where 



T = Tlf-{x)—- (E) —- (S dx'' (E) dx^ 



is an arbitrary tensor on M. 

Remark 2.1 The Levi-Civita covariant derivative has the metrical properties 

To define the energy-stress-momentuni tensor T = Tij{x)dx^ ® dx^ , that 
characterize the relativistic magnetized non- viscous plasma, we need the foUow- 
ing geometrical objects [2], [4]: 

1 . the unit velocity-field of a test particle, given by 

where, if we denote Ui = (ySj^u™, then we have UiU* = 1. Note that, 
physically speaking, ii V — v'^{x) (9/9a;*) is the fluid's space-like velocity 
vector, then we have 



2. the 2-form of the (electric field)-(magnetic induction) is given by 

H ^ Hij{x)dx' Adx^ 
and the 2-form of the (electric induction)-(magnetic field) is given by 

G^G^j{x)dx' Adx^. 

Note that, in physical applications, one takes H = — G = F / y/JI^^ where 
F is the electromagnetic field and //g is the electromagnetic permeability 
constant. 

3. the Minkowski energy tensor of the electromagnetic field inside the plasma 
is given by the tensor E = Eij {x)dx^ ® dx^ , whose components are 

Eij — -ip^jHrsG^'^ + ip''^HirGjs, 

where G""^ — (p^^(p'"^Gpq. In order to obey the relativistic Lorentz equation 
of motion for a charged test particle, the following Lorentz condition is 
required [2]: 

E^mu' = 0, (2.2) 

where EJ" = (p™PEpi. Obviously, using the notations i/'." = ip"''PHpr and 
Gl = (fi'^'^Gsi, then we have 

El = -^"i J^rsG - H^ Gj, 
where i5™ is the Kronecker symbol. 



In this physical context, the components of the energy-stress-momentum 
tensor of plasma are defined by (please see [2], [3], [1]) 



/ ij 



P+ — ) UiUj+pipij+Eij, 



(2.3) 



where c = const, is the speed of light, p = p{x) is the hydrostatic pressure and 
p = p{x) is the proper mass density of plasma. 

In the Riemannian framework of plasma, it is postulated that the following 
conservation laws for the components (|2.3|) are true: 



T™ = 



(2.4) 



where 



' 7 



^"^"Tp^ 



p + -^') w'"u, + p5^l 



E? 



By direct computations, the conservation equations (|2.4|) become 



P 

p+ — ]u" 



u'^Ui-rn + Pi - Vir-^'' = 0, 



(2.5) 



where Pi = dp/dx^ and T^ = —ip^'^E^J}^ is the Lorentz force. 

Contracting the conservation equations ()2.5p with m* and taking into account 
the Lorentz condition (|2.2p . wc find the continuity equation of plasma, namely 



P 

p+ — \ u- 



P,mU"' = 0, 



(2.6) 



where we also used the equalities 

the comma symbol '\m" representing the partial derivative d/dx™. 

Replacing the continuity law (12.61) into the conservation equations 
find the relativistic Euler equations for plasma, namely 



("+1 



{u"'u. 






0. 



we 



(2.7) 



If we put now u™ = dx'^/ds into Euler equations (|2.7p . we find out the 
equations of the stream lines of plasma, which are given by the second order 
DE system 
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p + pc^ 
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dx^ dx^' 



ds ds p + p& 
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k ,„km.^ 1 
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where s is the natural parameter of the smooth curve c ~ i^'^i^)) k=Tn " 



3 Generalized Lagrangian geometrical approach. 
Plasma in non-isotropic space-times 

Let QC^ — (Af", gij{x,y), N^{x,y)'^ be a generalized Lagrange space (for 
more details, please see Miron and Anastasiei [B]). Let us consider that the 
tangent bundle TM, as smooth manifold of dimension 2n, has the local coor- 
dinates (a;*,y')j^j-^. Then, gij{x,y) is a metrical d-tensor on TM, which is 
symmetrical, non-degenerate and has a constant signature on rAf\{0}. The 
local coefficients NUx,y) are the components of a nonlinear connection N on 
TM. The nonlinear connection N — (-/V|) produces on TM the following dual 
adapted bases of d-vectors and d-covectors: 

{^'1?} ^'^(™)' {d-\Sf}^X*{TM), 

where 

Note that the d-tensors on the tangent bundle TM behave like classical tensors. 
For example, on TM we have the global metrical d-tensor 

G = gtjdx^ (g) dx^ + gijSy' ® Sy^ , 

which is usually endowed with the physical meaning of non-isotropic gravita- 
tional potential. 

Following the geometrical ideas of Miron and Anastasiei from 6^ , the gene- 
ralized Lagrange space t/£" produces the Cartan canonical A^-linear connection 

cr(A^) = {L]„ q,) , 

where 



_ g*™ fSgjm , Sgkm Sgjk 



^'^ 2 \Sx>' 5x^ 6x 



(3.1) 



'^^ 2 \dy^ dy^ dy'' 
Further, the Cartan linear connection CV{N), given by (|3.ip . induces the hori- 
zontal (/i— ) covariant derivative 
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and the vertical {v—) covariant derivative 
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is an arbitrary d-tensor on TM. 









Remark 3.1 The Cartan covariant derivatives produced by CT{N) have the 
metrical properties 

ftj|fe=5*%=0, 9ij\k= g''\k = 0- 

For the study of relativistic magnetized non-viscous plasma in the non- 
isotropic space-time QC"', one uses the following geometrical objects [4]: 

1. the unit velocity-d-field of a test particle is given by 

d 

where, if we use the notation e^ = Qpqy^y'^ > 0, then we put m* — y'' /e. 
Obviously, we have UiU^ = 1, where Ui = gimu"^\ 

2. the distinguished 2-forni of the (electric field)-(magnetic induction) is 
given by 

H = Hi-j (x, y)dx'' A dx^; 

3. the distinguished 2-forni of the (electric induction)- (magnetic field) is 
given by 

G — Gij {x, y)dx^ A dx-' ; 

4. the Minkowski energy d-tensor of the electromagnetic field inside the non- 
isotropic plasma is given by 

E = Eij {x, y)dx^ (E) dx^ + E^j {x, y)5y^ ® Sy^ . 

The Minkowski energy adapted components are defined by 

Eij ~ —gijHrsG + g Hij.Gjs, 

where C^ = g^^g^'^Gpq, and they must verify the Lorentz conditions 

E^^u^^O, ErUu^^O, (3.2) 

where E^' = g^^^Ep,. If we denote Hip = g^^^Hpr and G\ = g"G,,, then 
we have 

E'p = ^STHrsG'' - H-ipG";. 

The energy-stress-momentum d-tensor, that characterize the relativistic mag- 
netized non- viscous plasma in a non-isotropic space-time, is defined by the dis- 
tinguished tensor 4 

T = Tij (x, y)dx'' (g) dx^ + Ttj (x, y)Sy^ Sy^ , 

whose adapted components are 

Tij = (p+ —) UiUj + pgij + Eij, (3.3) 



where c — constant, p — p{x,y) and p — p{x,y) have the similar physical 
meanings as in the semi-Riemannian case. 

In the Lagrangian framework of plasma, one postulates that the following 
conservation laws for the components (|3.3|) are true [3]: 



T™ = n T" 

'i\m "i 'i 



0, 



rm I Tpm 



where 



By direct computations, the conservation equations (j3.4p become 



V" = r'Tp^ = P + -^ u"^u, + pC + E, 



p+5i«" 



P+^]u'^ 



P+ —] U"'Ui^,ri 



p„i - girJ^"^ = 0, 



P + ^ ) M"Wj|m + P#i - ffir-^'' = 0, 



(3.4) 



(3.5) 



rs Tpni 

s Imi 



where p,,^ = Sp/6x\ p#j = dp/dy' and J"'' = -g^'^'E'^^^ {T'' = -.g'^^'i^; 
respectively) is the horizontal {vertical, respectively) Lorentz force. 

Contracting the conservation equations p.5l) with m* and taking into account 
the Lorentz conditions p.2p . we find the continuity equations of plasma in a 
non-isotropic medium; 



p+ ^]u" 
p+ ^]u" 



+ p„„,w'" - 0, 

+ P#m'«'" = 0, 



(3.6) 



where we also used the equalities 



= Uju] 



\m 2 



(uiu') 



^i\m.^ 



't\m^ 7 



= U^u''\m = X ("i""*)^™ = -Ui|„U% 

the symbols ",,m" and "#m" being the derivative operators 6/dx"^ and d/dy™'. 
Replacing the continuity laws (13. 6p into the conservation equations p.Sp , we 
find the relativistic Euler equations for non-isotropic plasma, namely 



(p + ^) U»|™"'" - P„m ("""z - 5T) - g„nr^ = 0, 

(p + ^) u,|,„M- - p#™ (u™u, - ,5r) - 5»r„/" = 0. 
If we take now y™ = dx"^ /dt, then we have 



(3.7) 



1 dx" da;" 



Eo = gtj{x,dx/dt) ^^ ^^ . 



£q dt ds 

Introducing this u™ into Euler equations (13. 7p . we obtain the equations of the 
stream lines for non-isotropic plasma, which are given by the following second 
order DE systems: 
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horizontal stream line DEs: 



Tk 



pc^ 






£o ds So ds ds ds 

N^ dgpg dxP dx'i dx"" dx'' ^ 
2 dy^ ds ds ds ds 



dx"" dx"" 
ds ds 



NP^gpr dx"" da;™ dx^ 



P&- 



h 
-pk 



gkrnp^ 



vertical stream line DEs: 

„2 



r' 



fe 

rm 



C 



pc- 



■<5rP#>^ 



dx'' dx" 
ds ds 



P&- 



-p^ _ gkmp^^^^ 



1 dgpq dxP dx* dx^ dx^ 



2 dy'^ ds ds ds ds 

Remark 3.2 IJ the the metrical d-tensor gij{x,y) is Finslerian one, that is we 

have 

, _ 1 d^F^ 

where F : TM — > ]R_|_ is a Finslerian metric, then the DEs of stream lines of 
plasma in non-isotropic spaces reduce to 



horizontal stream line DEs: 



d'^x^ 
ds"^ 

2 



rfc — 

rm 



pc 



S'^rV'^r. 



2 r 



dx'' dx" 
ds ds 



pc^ 



G- - 9,rGp'-f'-f 
as as 



-pk _ gfe^p^ , 



+ 



vertical stream line DEs: 



P#r. 



dx™ dx* 
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ds ds 

where, if the generalized Christoffel symbols of gij{x,y) are 

g™ fdgjm , dgkm dg-jk 



^)kix,y) = 



dx^ 



dxi dx"'- 



then we have 



C^ ^ -Tl^{x,y)yPy^ 



4 The Riemann-Lagrange geometrical approach. 
Multi-time plasma 

Let us consider that (T^, hapit)) is a Riemannian manifold of dimension p, 
whose local coordinates are {t°')a=Tp- Suppose that the Christoffel symbols of 
the Riemannian metric hai3{t) are Kj^Jt). Let J^{T,M) be the 1-jet space (it 
has the dimension p + n + pn) whose local coordinates are (i", x*, x^). These 
transform by the rules 

x' = x'(x^) 

^^ _ 9P dt^ J 

where det(5i'"/9t'^) ^ and det(9x7ax-'') 7^ 0. Note that, throughout this 
work, the greek letters run from 1 to ;? and the latin letters run from 1 to n. 

Let GMC^ = (j\T,M), GJf£^^ =h"l^gij) be a multi-time generalized 

Lagrange space (for more details, please see Neagu [7]), where gij {t'' , x'' , x'^) is 
a metrical d-tensor on J^{T, M), which is symmetrical, non-degenerate and has 
a constant signature. 

Let us consider that GAiC^ is endowed with a nonlinear connection having 
the form 7 



M, 



(■0 



r(*) 






The nonlinear connection F produces on J^{T,M) the following dual adapted 
bases of d-vectors and d-covectors: 



{dt",dx\Sxl,} C X*{J\T,M)), 



where 



_S_ 



at" ^ "'^ T 9xi: 



fe^ 



dxl. 



_5_ 
6x^ 

<2„<dt^ + N, 



9 r^rirn) 9 

dx' (^)* dx" 






dx" 



Note that the d-tensors on the 1-jet space J^{T,M) also behave like classical 
tensors. For example, on the 1-jet space J^{T,M) we have the global metrical 
d-tensor 

G = hapdt" (g) dt^^ + 9ijdx^ (g) dx^ + h"'^ gijSx"^ ® Sx'^, 

which may be endowed with the physical meaning of non-isotropic multi-time 
gravitational potential. It follows that G has the adapted components 



haP, 


for 


A = a, 


B^ 


= /? 


9iji 


for 


A = i, 


B ^ 


= J 


h^^g,,, 


for 




B = 




. 0, 


otherwise. 









Following the geometrical ideas of Asanov [T] and Neagu [7] , the preceding 
geometrical ingredients lead us to the the Cartan canonical F-linear connection 



where 



L'-L - 1 ^a/3' '-^i7' ^jk^ S(fc) 



.fe _ 9 Sgmj j-i _9'"^ fSgjm , Sgkm Sg^k 



/^fe _ a "itmj J 






(4.1) 



In the sequel, the Cartan linear connection CT, given by (|4.ip . induces the 
T- horizontal (Jit—) covariant derivative 

j^ai(j){v)... _ -ik(P)(l)... , r^Mj){v)--- ..a . -riam{j){v)... ^i 

j-^ai{m){iy)...^j p,ai{j){iJ,).. I, _ 

"'"■^7fe(/9)(0--- ""^ ^ ^7fe(/3)(0--- ^^ ^ ■■• 



"^Mfc(/3)(i; 



^7e ^7m(,3)(0... te 
^/3e 7fc(/3)(m)...^i£---' 



mp 



7fe(/')(0 

the Af -horizontal (/ii/— ) covariant derivative 

^£)a»(j)('')--- 
j^ai{j)(v)... _ ik(j3){l)... ^ j^am{j){v)...ji j^ai(m){v)... j j 

-^7fc(/3)(0-|p ~ SxP ~^^tk(pm... ^rnp + ^jk(0m ^- 

_r,aiU){i^)--- jm _ j^ai(j)(v)... jm _ 

and the vertical (w— ) covariant derivative 

j^ai(j){v)...,{s) _ fk{l3){i)... , p,am(i)(t/)...^t(£) ^ai(m)(zy)...^j(£) _ 

^7fe(/3)(o-kp) ^ aa;P +^7fe(/3)a)-- ™(p) "^ 7fe(;3)(o... "--mCp) + ••■ 

^7m(/3)(0...'-'fe(p) ^7fc(/3)(m)... Up) 

where 

is an arbitrary d-tensor on J^{T, M). 

Remark 4.1 The Cartan covariant derivatives produced by CT have the me- 
trical properties 
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For the study of the relativistic magnetized non-viscous plasma dynamics, 
in a Riemann-Lagrange geometrical multi-time approach, we use the following 
geometrical objects: 

1. the unit multi-time velocity-d-field of a test particle is given by 

where, if we take e^ = h^" gpqX^^xl > 0, then we put u^ — x\le. Obvi- 
ously, we have h°'^UiaU\ = 1, where Uia — gimU^', 

2. the distinguished multi-time 2-form of the (electric field)-(magnetic induc- 
tion) is given by 

H = Hij{t'',x'',x^)dx' Adx^; 

3. the distinguished multi-time 2-form of the (electric induction)-(magnetic 
field) is given by 

G = Gy(t'^,x'=,x^)dx^Adx^'; 

4. the multi-time Minkowski energy d-tensor of the electromagnetic field in- 
side the multi-time plasma is given by 

E = E.jif^, x^ x^)dx* (E) dx^ + h'^''E,j{f',x'', x^)fe; ® Sxi. 

The multi-time Minkowski energy adapted components are defined by the 
similar formulas 

Eij = —gijHrsCr +g HirGjs, 

where G""" ~ g^^g'^'^Gpq. Furthermore, we suppose that the multi-time 
Minkowski energy adapted components verify the multi-time Lorentz con- 
ditions 

£^ir™< = 0' ^riSl>; = 0, (4.2) 

where i?™ — g^-^Epi. Obviously, if we use the notations i/,™ — g"^^Hpr 
and G\ = g^'^Gsi, we obtain 

In our Riemann-Lagrange geometrical approach, the multi-time plasma is 
characterized by the energy-stress-momentum d-tensor defined by 

r - %j{i',x\ x';)dx' (g, dx^ + h'^'^Trj it\ x^ x^)fa; ® sxi, 

where 

^^3 = (p+^) h^^u^c^Ujp + pg,j + E,j . (4.3) 
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The entities c = constant, p — p{t^,x'^,x^) and p = p{t^,x'',x^) have the 
multi-time extended physical meanings of their analogous entities from the semi- 
Riemannian framework. Note that the adapted components of the energy-stress- 
momentum d-tensor T of multi-time plasma are given by 



r T 

1 1], 



TcF^ { 



for 



C = i, F = j 



h'-i'^Tu, for 



C 



iv) 



F 






(4.4) 



I 0, 



otherwise. 



In the multi-time Riemann-Lagrange framework of plasma, we postulate that 
the following multi-time conservation laws for the components (j4.3p and (|4.4I) 
are true: 



where the capital latin letters A,M,... are indices of kind a, i or 



(i) ' 



(4.5) 



51 :: 
:M 



represents one of the local covariant derivatives hx—, It-m— or v~ and 






for 



I A — 



'Tda={ SZTr. for 



A^i, 

(a) 



M — m 



A 



'{i) 



M 



-(m) 



0, otherwise. 

Obviously, the d-tensor T™ is given by the formula 



The multi-time conservation laws (j4.5p reduce to the multi-time conservation 
equations 



|(m) _ 



%Tm = ^. rr\\Z)-^- (4-6) 

By direct computations, the multi-time conservation equations (|4.6p become 






(p+f)< 



P+^]u'^ 



Uil3 
n 

(m) 



P+^} fi"^u-u,p^^ 



girT'' = 0, 



U^^+(^P+^)h^^U^U,p\[, 



M 



(4.7) 



M 



+P#(-)-.9--^'^^ = 0, 



(A") 



dp/dx]^ and 



where p„, = 6p/Sx\ p^^^^ 

h 

• J^'' — —q^'^E"} is the multi-time horizontal Lorentz force', 

• J^'''^ = —(;''*' _E™ I ^^^', is the multi-time vertical Lorentz d-tensor force. 
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Contracting the multi-time conservation equations (|4.7p with m' and taking 
into account the Lorentz conditions (j4.2p . we find the continuity equations of 
multi-time plasma, namely 



/i"'^ 
/i"^ 



P+^}u- 



P+^]K 



Utpu]^ + (P + — ) /l"'^"™ "»/3|mW^, + P„mU" = 0, 



(m) 



UtfiU^ 






-^U"'^z 



I (a*) 



M 



ii"^va\^^' ?;* + n ^'^' v"' 



U™ = 0. 



If we take now x„ = dx /dt^, then we have 



x: 



_n_ 
So'' 



£^ = ;^"^(i)g.,(i\a:^x^)x>^^. 



7 rr'^ 'r \'r^ 'r-^ 



Introducing this vL into multi-time conservation equations (j4.7p . we obtain the 
second order PDEs of the stream, sheets that characterize the multi-time plasma: 

• horizontal stream sheet PDEs: 



h°'^ 






^' + {p + ^)< 



£o 



= £o 



^'' - ff'=™P„. 



• vertical stream sheet PDEs: 



h"^ 






(m) 



(m) 



(p+f)-" 



£o 



= £o 






Taking into account the local form of the /ia/ — and v— covariant derivatives 
produced by the Cartan connection CT, the expressions of the PDEs of the 
stream sheets of multi-time plasma reduce to: 



• horizontal stream sheet PDEs 

1 



/i"^ <! H™a;™x*j + 



£o 



(" + ? 



rfe ^r-r _ luW 



^rm"^ P 



{I3)r. 



where 



— [p+ — 



T~Lm — 






1 r ^ p 



£o 



£o 



"+5 
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• vertical stream sheet PDEs: 



/z"^^v;,';)x>^ + -(p + ^ 



1 



n.^^4+<5^x^ 



1 



where n = dim M and 
1 






2;a ^ = £o 



•^ 9 PMm 



*{r. 



V, 



(m) 



^^0 



, P 

P+ — 



(m) 



#(■'- 



(z^) 
#(™) 



5 Conclusion 

The Riemann-Lagrange geometrical theory upon the Multi-Time Plasma 
Physics may be applied for a lot of interesting multi-time generalized Lagrange 
spaces with physical connotations [7]: 



5.1 The geometrical model QTZQM.C!^ for multi-time Gen- 
eral Relativity and Electromagnetism 

This generalized multi-time Lagrange space is characterized by the funda- 
mental metrical d-tensor 

and the nonlinear connection 
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5.2 The geometrical model 7iQOQM.C' for multi-time Rel- 
ativistic Optics 

This generalized multi-time Lagrange space is characterized by the funda- 
mental metrical d-tensor 



gS;^) = /."^(^-)^., (.'=) + 
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y^y, 



and, again, by the nonlinear connection f , where Yi — ip^^ {x^^ x^X^iV). 

5.3 The geometrical model EVAACl for multi-time Elec- 
trodynamics 

This multi-time Lagrange space is characterized by the Lagrangian function 
(for more details, please see |5]) 



^ED 



/i"^(t^)^,, {x'^) x>^^ -f C/g) (t^x'^) xL + $ {t\x'') 



14 



which produces the fundamental metrical d-tensor 
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and the nonlinear connection whose components are M}{„ = 
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5.4 The geometrical model BSAiCp for Bosonic Strings 

This is the multi-time Lagrange space corresponding to the multi-time La- 
grangian function 

LBs^h"^it->)ip^^{x'^)xl^x'^. 

In this particular case, we have the the fundamental metrical d-tcnsor 

( )(,) ^ 1 d^Lss ^ ^., 

and the canonical nonlinear connection T. Moreover, the Cartan canonical 
connection has the following simple form: 



CT 



{<fi^ 0' l)k. 



It follows that, for the multi-time Lagrange space BSM.C1, the PDEs of the 
stream, sheets for multi-time plasma simplify as follows: 



horizontal stream sheet PDEs: 



h-^'^Ur, 



^a ^P — £0 






vertical stream sheet PDEs: 



h-f' I v.tW^4 + - (p + 3) h • <4 + 5>i 



£0 



-pkti, _ ^-.-p 
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Open Problem. There exist real physical interpretations for our multi- 
time Riemann-Lagrange geometric dynamics of plasma ? 
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